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Abstract 

In supersymmetric grand unified theories, the gauge hierarchy 
achieved by a fine-tuning in the superpotential can be violated in 
the presence of soft breaking terms. We examine this problem in 
Einstein supergravity with hidden-sector supersymmetry break- 
ing. We show that the hierarchy is preserved if couplings of the 
hidden sector to visible-sector fields in the superpotential satisfy 
a certain requirement. 



While supersymmetry (SUSY) is motivated as a solution of the gauge 
hierarchy problem]!], |2j, incorporation of soft SUSY-breaking terms into the 
Lagrangian may spoil its stability. A well-known example is a model with a 
light singlet which has a renormalizable coupling to the Higgs doublets in the 
superpotential || |J . Then radiative corrections will generally induce a large 
tadpole of the singlet shifting its vacuum expectation value, which gives rise 
to huge Higgs masses through the renormalizable coupling. 

It is, however, less recognized that the gauge hierarchy can be violated 
even without such a light singlet. This will occur when the smallness of 
the Higgs mass is not protected by any other symmetry but the unbroken 
SUSY. Once the SUSY breaking is turned on, a (SUSY-breaking) Higgs mass 
would no longer remain at the weak scale. This is especially problematic in 
a wide class of grand unified theories (GUTs) where the supersymmetric 
mass of the Higgs doublets is adjusted to be small by a fine-tuning of the 
parameters in the superpotential ||. The fine-tuning of the SUSY invariant 
part does not always achieve a small SUSY-breaking mass simultaneously. 
Indeed one can easily find an example of soft terms in which the fine-tuning 
does not hold in the soft SUSY-breaking sector. To keep the gauge hierarchy, 
the SUSY breaking terms should be severely restricted. In Ref. [§], it was 
shown that the large mass vanishes if one adopts a certain ansatz for the 
soft SUSY-breaking terms. Furthermore it was pointed out that this ansatz 
is stable against radiative corrections. Indeed it can be derived from the 
supergravity Lagrangian, if the so-called hidden sector completely decouples 
from the visible sector in the superpotential. However, the most general form 
of the soft SUSY-breaking terms in which the hierarchy is preserved was not 
clarified. 

The purpose of this paper is to reconsider the stability of the gauge hi- 
erarchy of the SUSY-GUTs in the framework of Einstein supergravity J7], §] . 
Special attention will be paid to the effects of the heavy fields to the masses 
of the light sector. Since the origin of the soft terms will be in the super- 
gravity, our approach is natural and indeed will turn out to be transparent. 
We assume that the SUSY is spontaneously broken in the hidden sector [[J], 
though our argument may not depend on the specific SUSY breaking mech- 
anism. We directly deal with the scalar potential of the supergravity theory 
itself, without taking the flat limit first. We will show that the stability of the 
gauge hierarchy requires a constraint on the couplings of the hidden sector 
to the visible sector. The ansatz of Ref. trivially satisfies it. Relation of 



our argument to the entropy crisis problem [|1(| is also discussed briefly. 

We begin by reviewing the scalar potential in the Einstein supergravity. It 
is specified by two functions, the total Kahler potential G((f>, <p) and the gauge 
kinetic function f a p(4>) with a, (3 being indices of the adjoint representation 
of the gauge group. The former is a sum of the Kahler potential K and (the 
logarithm of) the superpotential W 

Gfa 0) = K(<P, 0) + M 2 In \W (0)/M 3 | 2 , (1) 

where M = mpi/^/8n with mpi being the Planck mass, and is referred to as 
the gravitational scale. We have denoted scalar fields in the chiral multiplets 
by (p K and their complex conjugate by cj) K . The scalar potential is given by 

V = M 2 e G/M2 V + -(Ref- 1 ) Q pD a D f3 } (2) 

where 

V = G K (K- l Y~ x G- x -?,M 2 , (3) 

D a = G K {T a <py = {4>T a ) R G h . (4) 

Here G K = dG/d<f) K , G R = dG/dcj) K etc, and T a are gauge transformation 
generators. Also in the above, {Ref~ 1 ) a p and (K~ 1 ) kX are the inverse ma- 
trices of Refap and K n \ respectively, and summation over a,... and k,... is 
understood. The last equality in Eq. (|4]) comes from the gauge invariance of 
the Kahler potential. 

Let us next summarize our assumptions on supersymmetry breaking. The 
gravitino mass m 3 / 2 is given by 

m 3/2 = (Me G / 2M2 ), (5) 

where (• • •) denotes the vacuum expectation value (VEV). As a phase con- 
vention, it is taken to be real. We identify the gravitino mass with the weak 
scale. The F-auxiliary fields of the chiral multiplets are 

F K = Me G / 2M \K-Y X Gx- (6) 

We require their VEVs should satisfy 

(F K ) < 0(m 3/2 M). (7) 



As will be seen shortly, the VEVs of the .D-auxiliary fields become very small 
(D a ) < 0(m3/ 2 ) despite a naive expectation of order m 3 / 2 M. It follows from 
Eq. (0) that 

(G K ), (G- K )<0(M) (8) 

and 

(V) < 0(M 2 ). (9) 

Note that we allow the non-zero vacuum energy ( V) of order m\, 2 M 2 at this 
level, which could be canceled by quantum corrections. We also assume that 
derivatives of the Kahler potential with respect to and are at most of 
order unity (in the units where M is taken to be unity), namely 

(K Kl ..r Xl ...) < 0(1). (10) 

This will be justified if there is no strongly interacting sector. 

The fields in the theory at hand are assumed to be classified into two 
sectors. One is the heavy sector which has GUT scale mass, the other is the 
light sector whose mass is typically in the weak scale. Fields in the (minimal) 
super symmetric standard model belong to the light sector.[| In the following, 
we assume, for simplicity, that the mass scale of the heavy sector is identified 
with the gravitational scale M. Following Ref. ||11| , we further classify the 
heavy sector into two, heavy complex and heavy real. A heavy complex field 
has a large mass from the superpotential. The pseudo scalar counterpart of 
the latter is the Nambu-Goldstone boson absorbed into a gauge boson in the 
GUT symmetry breaking. 

In order to discuss the masses of the light scalar bosons, it is necessary to 
see consequences of the stationary conditions (V^) = (dV/dcj)^) = 0. From 
Eq. (|), we find 

V, = M 2 (e G / M \V + M\ G l M2 % + \{Ref-^b«bP 

+(Ref- 1 ub a (b^) fl 

= G,e G ' M2 V + M 2 e G / M2 {G, K (K-y x G- x - G^K^K^K' 1 )^ 
+G ll } - ^Ref a ^D a DP + D a {4>T a fK- K ^ (11) 



1 We assume that the supersymmetric mass for the Higgs doublets is of the weak scale at 
the vacuum after the SUSY breaking is incorporated, which may be invalid in the presence 
of a light singlet in the visible sector. We disregard the case that a light singlet scalar 
exists in the visible sector. 



where 

D a = (Ref- 1 )^ (12) 

is the .D-auxiliary field of the vector multiplet. 

Let us now multiply (T a <fiY to the above, or project on a heavy-real 
direction. Using the identities derived from the gauge invariance of the total 
Kahler potential 

G Kti {T a (f>Y + G,(T a r K - K K ST a f = 0, (13) 

K^iT^r + K- x ^(T a r K - [G^T a YU = 0, (14) 



we obtain 



V^T^Y = M 2 e G/M2 {2 + V/M 2 )D a - F K F~ x {G p {<f)T a 



jSVV-* ) )k\ 



- l -Ref^{T a ct>YD^D'< + (T° : 0)* K K S^f D?. (15) 

Taking its VEV, we find 

= ml /2 (2+ (V)/M 2 )(D a ) - (F*)(F~ x )((G-^T a Y) K x) 

-\(ReU^{T^Y)(D^)(D^) + ±M**(Dfi), (16) 

where M v = 2(T Q 0) K .K' K ) V (</>T^) A is, up to the normalization due to the 
gauge coupling constants, the mass matrix of the gauge bosons. Recalling 
that My are assumed to be 0(M 2 ) for broken generators of the GUT 
symmetry, we conclude 

(D<*)<0(mi /2 ), (17) 

as the first three terms of Eq. (|I1J) are already of order m 2 , 2 M 2 or less.Q It 
is noteworthy that quite a similar equation to (16) is obtained for the case 
of a non-linear realization of the gauge symmetry. 

We now return to (V^) = itself. Taking the VEV of Eq. (|TT|) and using 
Eqs. (g), (§), © and (0), we find 

(Me G / 2M2 G Kfl ) (F«) < 0(ml /2 M) (18) 



2 For an unbroken generator, the VEV of the ZVterm vanishes in the absence of the 
Fayet-Iliopoulos Z?-term. 



for any index fi. Since (Me G ^ 2M G KfJ ) = M KfX + 0(m 3 / 2 ) with M KfX being the 
super symmetric mass coming from the superpotential, the above reads 

M KI1 (F K ) < 0{m\ j2 M). (19) 

Since we assume that M KM is 0{M) for heavy complex fields, we conclude 

(F K ) < 0(ml /2 ) (20) 

for them. This will play an important role in the subsequent arguments. On 
the other hand, Eq. ([19]) implies that a hidden sector field which has a large 
F-term of order m 3/ / 2 M should be light with the weak-scale mass. Therefore, 
in our convention, the hidden-sector field is contained in the light sector. 

Note that, when the mass of the heavy complex field is below the gravi- 
tational scale, a careful analysis tells us that (F K ) < 0(ml, 2 ((f) K )/M K ), where 
M K is the mass of <j) K from the superpotential. Thus as far as (0 K ) ~ M K , the 
VEV of its F-term is always small ~ ^3/2- 

Now we would like to integrate out the heavy sector to obtain the low- 
energy effective Lagrangian of the light scalar bosons. The procedure we 
should take consists of the three parts: (1) We calculate the VEVs of the 
derivatives of the potential so that we write the potential as V = ^(Vki)(f) k (f) l + 
■ ■ ■. (2) When there exists mass mixing between the heavy and light sectors, 
we should diagonalize them to correctly identify the light and heavy fields. 
(3) Then we integrate out the heavy sector. Practically we solve the heavy 
fields in terms of the light fields and substitute their solutions to the potential. 
Then we obtain the scalar potential of the light fields only. 

For our purpose to investigate the stability of the hierarchy, it is sufficient 
to study the mass terms of the light fields. When there is no light-heavy mass 
mixing, the mass squared of the light scalar fields are simply given by the 
VEVs of the second derivatives of the potential. From Eq. (0), it follows that 

v. m 



M\e G / M ' 2 ), v V + M\e G / M2 ),V u + M\e G l M2 ) v % + M 2 e G / M % 

+ (Ref- 1 ) a ^D a (D /3 ) llu + (Ref~ 1 ) a ^D a ),(D (3 ) u . (21) 



From Eqs. (|), (g) and (0), we get 



(V, u ) = {M 2 {e G ' M2 ), v V) + {M 2 e G l M2 V, v ) + {{Ref- l ) aP ){{b a ),){{b\) 
+0(m 2 /2 ), (22) 

where we have used (V^) < 0(1). Similarly the chirality-conserving mass 
terms are found to be 

(V>> = (M 2 e G / M \ p ) + ((Ref-'UJimM&h) + 0(m 2 3/2 ). (23) 

Let us first evaluate Eq. (^). In the minimal supersymmetric standard 
model, this contains the mixing mass term for the two Higgs doublets. An 
inspection shows 



%v = G K ^{K- l Y x G- x + 2G 



jlV 



-G^{K- l T x K- Xpv (K~ l y*G 5 - GUK- l ) KX K- Xpil {K~ l y*G, 
+G K (K~X U G- X - G K (K-Y X K X , V . (24) 

Thus Eq. ( p2|) reads 



(V„ u ) = {Me G l 2M \G^-G, x {K- x )^K- pKV -G vX {K- l )^K pR ,)){F K ) 

+ (2 + (V)/M 2 )m 3/2 (Me G / 2M2 G, u ) + {{Ref- 1 U)({D a ) lt )({D l, ) t ,) 
+ 0{ml /2 ). (25) 

When both M and <p v belong to the light sector, (G> K ), (G UK ) < 0(1) for 
any K and ((D a ) p ), {(D^) v ) < 0(m 3 / 2 ) by the very definition of the light 
fields. Thus we find 

(V, u ) = (Me G / 2M2 G, UK )(F*) + 0{ml /2 ). (26) 

For (V^p), we only give a result 

<V» = (Me G / 2M2 G, K )((K-Y X )(Me G / 2M2 G- Xp ) 

-(Me G / 2M2 G, K )((K-y X Kx> P )(F p ) 

-(Me G / 2M2 Gp,)((K- 1 ) sA K AMP -)(F0 

+ ((Ref- 1 U)((D a ),)((D%) 

+0(ml /2 ). (27) 



We can see this is always of order mL for light fields M and <p v . 

To summarize, we find the condition that the gauge hierarchy survives 
after integrating out the heavy sector to be 

(Me G / 2M2 G^)(F K ) < 0{ml /2 ). (28) 

Note that, if there are light-heavy mixing mass terms, we have to diag- 
onalize the mass matrix to identify the heavy and light fields correctly. 
From Eqs. ( p5|) and ([27]), we find that these mixing mass terms are at most 
0(rri3/2M), therefore their contributions to the mass terms of the light sector 
are of order m\, 2 or less. Hence Eq. fl28|) applies also to this case. 

We are now ready to discuss the contribution of the heavy sector to the 
above condition (|28|). In many of the SUSY-GUT models, there exists a 
coupling of order unity (Me G//2M G^ UK ) for a heavy complex field <p K . For 
example, in the minimal SU(5), the light Higgs multiplets couple to the 
SU(5) adjoint Higgs, which would embarrass the hierarchy in the context of 
global SUSY||. However, in the supergravity, we showed that (F K ) for the 
heavy complex field is always small ~ m 3/2 due to the stationary condition 
Eq. (|IT?D, and hence this coupling does not upset the requisite gauge hierarchy. 
On the other hand, heavy real fields can have large (F K ) of 0(m^/2M). But 
in this case, the gauge invariance of G gives 

G^iT^r + G K ,(T a ): + G KU (T% - K R ^T a f = 0, (29) 

which implies 

{G K , v (T a <PY) < 0(1), (30) 

for /x, v light. Therefore the coupling (Me G//2M G KphV ) is suppressed to < 
O (1713/2/ M) and again it does not spoil the condition (^). 

We thus conclude that the heavy sector does not give any large SUSY 
breaking mass terms which destabilize the weak scale. In the absence of a 
light singlet in the visible sector, the requirement (|28|), therefore, gives a 
constraint on the couplings of the hidden sector to the visible sector. 

To illustrate this point, we now consider a toy model with the superpo- 
tential 

W = h(z) + (M H (z)-\(z)E)HH + ---, (31) 

where H and H are light Higgs multiplets, £ is a heavy field which has a 
large VEV (£} = O(M), and z is a hidden-sector scalar field responsible for 

7 



the SUSY breaking. The mass term Mh{z) and the Yukawa coupling X(z) 
may depend on the hidden field z. Suppose that the supersymmetric mass 
of H , H are at the weak scale by a fine-tuning 

(M H (z) - \(z)X) = 0(m 3/2 ). (32) 

Now the effective Yukawa coupling of HHz is given by 

(Me G ' 2M2 G HRz ) = (e K / 2M \M' H {z) - \'{z)Y)) + 0(m 3/2 /M), (33) 

where the prime means the derivative with respect to z. Eq. fl28|) requires 
(M' H (z) — A'(^)E) is of order m 3 / 2 /M or less, since (F z ) is of order m 3 / 2 M. 
However if the z dependence of Mh{z) is different from that of A (z), then 
Eq. ([33|) will generally become of order unity. A form of the superpotential 
which satisfies the above requirement is 

W = h(z)+g{z)f(H,H,Y,). (34) 

then Mh(z) — A(z)E is factorized to g(z)(Mn — AS). Here Mh and A are 
constants, which are chosen so that (Mh — AS) = 0(7713/2). Then 

(M' H (z) - A'(*)E) = (g'(z))(M H - AS) = 0(m 3/2 /M), (35) 

which meets our requirement. Note that when the hidden sector completely 
decouples from the visible sector, g(z) is a constant and the above equation 
is trivially satisfied. 

Finally we would like to make a comment on Eq. (|19]). As we mentioned 
above, this equation implies that the "Polonyi field" with (F) = 0{m 3 / 2 M) 
should have a weak-scale mass. This fact is related to the notorious entropy- 
crisis problem |ID[ , a drawback of the usual hidden-sector SUSY-breaking 
scenario that the coherent oscillation of the light Polonyi field and its late 
decay will cause huge entropy production. Note that in deriving Eq. flT9|), 
we did not use the vanishing cosmological constant condition and thus the 
lightness of the Polonyi field is not a consequence of the zero cosmological 
constant, but a generic property of the F-term supersymmetry breaking. See 



Refs. [[[2], |13[] for recent discussions on this issue. 

In this paper, we have discussed the stability of the gauge hierarchy us- 
ing the potential of the Einstein supergravity. Since this potential can be 
regarded as the tree-level potential, one may ask how loop effects will change 



our argument. To study radiative corrections of the Einstein supergravity 



is a challenging issue and was partially discussed, for example, in Ref. [I I 
which showed that the most of the logarithmic divergent part to the scalar 
potential is absorbed by the redefinition of the Kahler potential. The effects 
of the renormalization of the Kahler potential are already incorporated in 
our argument, since we do not assume a specific form of it. On the other 
hand, the whole effective potential of the theory will be beyond the Einstein 
supergravity. We speculate here that a similar argument will apply to this 
case, and the VEV of the F-term for a heavy complex will remain small. We 
hope it will be discussed elsewhere [|I 
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